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unstable principal $\mathrm{G}$-bundle Lie
( [Yl ) unstable $\mathrm{G}$- variety
Lie variety
1 holomorphic principal G-bundle
section holomorphic principal $\mathrm{G}$-bundle automorphic factor
( $\lceil \mathrm{K}]$ )
$\tau\in \mathrm{H}$ $E_{\tau}$
$\pi$ : $\mathbb{C}arrow E_{\tau}\cong \mathbb{C}/\mathbb{Z}\oplus\tau \mathbb{Z}$
$\mathrm{G}$- topology :
1.1 $G$ Lie $E_{\tau}$ p ncipal G-bundle
$H^{2}(E_{\tau}, \pi_{1}(G))\cong\pi_{1}(G)$ parametrize
$G$ complex reductive Lie $P_{G}$ $E_{\tau}$ holomorphic principal G-
bundle , projection $\pi$ : $\mathbb{C}arrow E_{\tau}$ $P_{G}$ $\pi^{*}P_{G}$
holomorphically trivia $\Gamma:=\pi_{1}(E_{\tau})\cong \mathbb{Z}\oplus\tau \mathbb{Z}$ \langle $\text{ }$ holomorphic
map
$R$ : $\Gamma\cross \mathbb{C}arrow G$
$R(\gamma+\gamma’, z)=R(\gamma, z+\gamma’);R(\gamma’, z)$ $\gamma,$ $\gamma’\in\Gamma$ , (1)
$P_{C},$ $\cong \mathbb{C}\mathrm{x}_{R}G$ $\mathbb{C}\mathrm{x}_{R}G$
$\mathbb{C}\mathrm{x}G$
:
$(z, g)\sim(z_{!}’.g’)$ $\Leftrightarrow$ $\{$
$z’=z+\gamma\in\Gamma$ ,
$g’=R(\gamma, z)g$ .
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$R$ automorphic factor ( multiplier)
holomorphic principal G-bundle $\Pi\overline{\text{ }}$ automorphic factor
:
1.2 $R,$ $R’$ automorphic factor $P_{G}:=\mathbb{C}\mathrm{x}_{R}G,$ $P_{G}’:=\mathbb{C}\cross_{R’}G$
$P_{G}\cong_{\mathrm{h}\mathrm{o}1}P_{G}’$ $h\in G(\mathbb{C}):=$ {$g‘$. $\mathbb{C}arrow G$ :holmorphic}
:
$R’(\gamma, z)=h(z+\gamma)R(\gamma, z)h(z)^{-1}$ $\forall\gamma\in\Gamma$ .
$G$ connected simply connected simple complex Lie group
1.1 :
$*1.3$ Elliptic curve $E_{\tau}-\llcorner \mathrm{U}\mathrm{D}$ principal $G$-bundle $l\mathrm{J}_{\text{ }}C^{\infty}- t\dot{n}vial_{\mathrm{o}}$
:
$\mathbb{C}\cross G\cong_{\mathrm{h}\mathrm{o}1}\pi^{*}P_{G}rightarrow P_{G}\underline{\simeq}_{c\infty E_{\tau}\cross G}$
$\downarrow\downarrow \mathbb{C}arrow^{\pi}E_{\tau}$
2 Harder-Narasimhan reduction&Atiyah-Bott type
section $[\mathrm{A}- \mathrm{B}],[\mathrm{F}- \mathrm{M}]$ holomorphic $\mathrm{G}$-bundle
Harder-Narasimhan reduction holomorphic G-
bundle Atiyah-Bott type
vector bundle :
2.1 $\mathcal{V}$ $E_{\tau}$ $holomo7phic$ vector bundle
1. $\mathcal{V}$ slope $\mu=\mu(\mathcal{V})$ :
$\mu(\mathcal{V}):=\frac{\deg \mathcal{V}}{\mathrm{r}\mathrm{k}\mathcal{V}}$.
2. $\mathcal{V}$ stable (oesp. $semi-stable$) $\Leftrightarrow$ subbundle $\mathcal{V}’$ $\mu(\mathcal{V}’)<\mu(\mathcal{V})$
(oesp. $\mu(\mathcal{V}’)\leq\mu(\mathcal{V})$ )
3. $\mathcal{V}$ $unstable\Leftrightarrow semi$-stable
2.2 $G$ complex oeductive Lie group $\text{ }$ Lie $\mathfrak{g}$ $P_{G}$ $E_{\tau}$
holomorphic p ncipal G-bundle $P_{G}$ stable (resp. semi-stable,
unstable)
$\Leftrightarrow P_{G}\text{ }$ adjoint bundle $\mathrm{a}\mathrm{d}(P_{G}):=P_{G}\mathrm{x}_{\mathrm{A}\mathrm{d}(G)9}\theta\dot{\backslash }$ stable (resp. semi-stable, unstable)
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2.1 $m\neq 0$
$R(1, z)$ $:=$ , $R(\tau, z):=(^{e^{2\pi\sqrt{-1}mz}}0$ $e^{-2\pi\sqrt{-1}mz)}0$
$\mathcal{V}:=\mathbb{C}\mathrm{x}_{R}\mathbb{C}^{2}=L_{m}\oplus L_{-m}arrow E_{\tau}$
$E_{\tau}$ unstable vector bundle
([F-M] ) :
2.1 $G$ connected complex reductive Lie $Z\subset G$ $G$ center
identity connected component $Pc$ $G$ G- $\circ$
:
1. $P_{G}$ es semi-stable,
2. $P_{G}\cross_{G}(G/Z)$ oa semi-stable,
3. $\rho$ : $Garrow GL(V)$ $P_{G}\mathrm{x}_{\rho}V$ semi-stable.
vector bundle :




1. $\mathcal{V}_{i}/\mathcal{V}_{i-1}$ VJ semi-stable.
2. $\mu(\mathcal{V}_{1}/\mathcal{V}_{0})>\mu(\mathcal{V}_{2}/\mathcal{V}_{1})>\cdots>\mu(\mathcal{V}_{k}/\mathcal{V}_{k-1})$ .
Hafder-Narasimhan filtration
2.1 1. $\mathcal{V}$ semi-stable $k=1$
2. Harder-Namsimhan filtration Riemann
$E_{\tau}$ splitting :
$\mathcal{V}\cong \mathcal{V}_{k}/\mathcal{V}_{k-1}\oplus \mathcal{V}_{k-1}/\mathcal{V}_{k-2}\oplus\cdots\oplus \mathcal{V}_{1}/\mathcal{V}_{0}$.
3. Harder-Narasimhan reduction: $G$ complex reductive Lie group $P_{G}$
compact Riemann $X$ holomo’phic p ncipal $G$-bundle
Harder-Namsimhan filtration $G$ parabolic $P$ P-bundle
$\xi_{P}$ $\xi_{P}\cross_{P}G\cong\xi$ $\xi_{P}-\xi$




2.3 (F-M, H-S2) $G$ connected complex reductive Lie $P_{G}$ $E_{\tau}$
unstable holomorphic principal G-bundle $L’$ $G$ reductive
$P_{G}$ holomorphic p ncipal $L’$ -bundle reduction $P_{L’}$ semi-stable
$G$ reductive $L$ –
:
1. $L’\subset L$ .
2. $P_{G}$ semi-stable holomorphic principal L-bundle reduce
Harder-Narasimhan reduction
3. $P_{L}\cong P_{L’}\cross_{L’}L$ .
elliptic curve $E_{\tau}$ G- $P_{G}$ semi-stable holomorphic L-
bundle $P_{L}$ reduce G- $P_{G}$ Harder-Narasimhan reduction
$P_{G}$ Atiyah-Bott type topological type
1.1 $P_{G}$ topological type $\pi_{1}(G)$ parametrize $G$ connected
simply connected simple Lie trivial
$P_{L}$ reduction $P_{G}$ 2 topological tyPe
$G$ connected simply connected simple Lie $P_{L}$ $E_{\tau}$ holo-
morphic principal $\mathrm{G}- \mathrm{b}\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{l}\mathrm{e}P_{G}$ H-N reduction $S:=(L, L)$ $L$ commutator
subgroup :










$X_{*}(A)$ $A$ co-character lattice, coroot lattice
$\mathfrak{g}$ Cartan subalgebra $\mathfrak{h}$
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221. $sem\acute{\iota}$-stable G- $\mu(P_{G})=0$
2. $P_{A}:=P_{L}\cross_{L}A=P_{L}\mathrm{X}_{L}(L/S)\#\mathrm{h}E_{\tau}\text{ }$ holomorphic principal $A$ -bundle $-\zeta^{\mathrm{v}}\text{ }$
$\chi\in X^{*}(A):=\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{a}}(A, \mathbb{C}^{*})$ (: character lattice) line bundle
$L_{\chi}:=P_{A}\cross_{\chi}\mathbb{C}arrow E_{\tau}$ degree :
$\langle\chi, \mu(P_{G})\rangle=c_{1}(L_{\chi})$ .
Atiyah-Bott type $\mu(P_{G})$
$Z\subset L$ $L$ center identity connected component
$\pi_{S}|_{Z}$ : $Zarrow A\cong Z/Z\cap S$
coverlng map ( finite cover )
$(\pi_{S}|_{Z})_{*}$ : $\pi_{1}(Z)arrow\pi_{1}(A)$




$\pi_{1}(A)arrow\pi_{1}(Z)\otimes \mathbb{Q}=X_{*}(Z)\otimes \mathbb{Q}\subset \mathfrak{g}$
23 :
$Z=\mathbb{C}^{*}arrow A=\mathbb{C}^{*}$ ; $z\mapsto z^{d}$ .
$\pi_{1}(Z)arrow\pi_{1}(A)$ ; $1_{Z}\mapsto d1_{A}$
:
$\pi_{1}(A)arrow\pi_{1}(Z)\otimes \mathbb{Q}$; $1_{A}- \frac{1}{d}1_{Z}$ .
Atiyah-Bott type reduction $E_{\tau}$ holomor-
phic principal G-bundle $P_{G}$ semi-stable reduction $P_{L’}$ $P_{G}$
Harder-Narasimhan reduction $L’\subset L$ (cf. 23)
:
25
$\mu(P_{G})=\pi_{S*}(\gamma(P_{L}))=\pi_{S*}(\gamma’(P_{L’}))\in 1=\mathrm{L}\mathrm{i}\mathrm{e}(L)\subset \mathfrak{g}$ .
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3Automorphic factor 6 Atiyah-Bott type
section $E_{\tau}$ line bundle automorphic factor (multiplier)
Appell-Humbert
$k\in \mathbb{Z}$
$R_{k}$ : $\mathbb{C}arrow \mathbb{C}^{*}$
$R_{k}(z):=e^{-2\pi\sqrt{-1}kz}$ automorphic factor
$R_{k}$ : $\Gamma\cross \mathbb{C}arrow \mathbb{C}^{*}$
$\{$
$R_{k}(m, z)=1$ $m\in \mathbb{Z}$ ,
$R_{k}(\tau, z)=R_{k}(z)$ ,
recursive $\#’.\mathrm{E}h\text{ }$ $R_{k}$ :
$R_{k}(m+n\tau, z)=e^{-2\pi\sqrt{-1}k\{nz+\frac{1}{2}n(n-1)\tau\}}$ . (2)
3.1 (2) $R_{k}(m+n\tau, z+1)=R_{k}(m+n\tau, z)$ $z\in \mathbb{C}$
$\gamma\in\Gamma$
$R_{k}^{\gamma\prime}:\mathbb{C}arrow \mathbb{C}^{*}=:G$ ; $z\mapsto R_{k}(\gamma, z)$
$R_{k}^{\gamma}(0)=R_{k}^{\gamma}(1)$ $[R_{k}^{\gamma}]\in\pi_{1}(G)$
$E_{\tau}$ Line bundle $L_{k}:=\mathbb{C}\mathrm{x}_{R_{k}}$. $\mathbb{C}$ Chern class :
3.1 $c_{1}(L_{k})=k$ .
automorphic factor $R$ : $\Gamma\cross \mathbb{C}arrow \mathbb{C}^{*}$ $E_{\tau}$ Line bundle $L:=\mathbb{C}\mathrm{x}_{R}\mathbb{C}$
$c_{1}(L)=k$ $R$ (up to gauge )
( [K] ) :
3.2 (Appell-Humbert) $R$ : $\Gamma\cross \mathbb{C}arrow \mathbb{C}^{*}$ automorphic factor
$k\in \mathbb{Z}$ character $\chi$ ; $\Gammaarrow S^{1}=\{z\in \mathbb{C}||z|=1\}$
$R(m+n\tau, z)=\chi(m+n\tau)\cdot e^{-2\pi\sqrt{-1}k(nz+\# n(n-1)\tau)}$
uP to gauge
:
3.2 $G=(\mathbb{C}^{*})^{\epsilon}$ – $R$ : $\Gamma\cross \mathbb{C}arrow(\mathbb{C}^{*})^{\epsilon}$ auto-
morphic factor $R(\gamma, z)=(R_{1}(\gamma, z),$ $\cdots,$ $R_{s}(\gamma, z))$ $1\leq i\leq s$
$R_{j}(m+n\tau, z)=\chi_{j}(m+n\tau)\cdot e^{-2\pi\sqrt{-1}k_{\mathrm{j}}(nz+\frac{1}{2}n(n-1)\tau)}$
$L_{j}:=\mathbb{C}\mathrm{x}_{R_{j}}\mathbb{C}$ \langle $\mathbb{C}\mathrm{x}_{R}\mathbb{C}^{s}\cong\oplus_{j=1}^{s}L_{j}$ line bundle
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automorphic factor Atiyah-Bott tyPe $G$
connected simply connected simple complex Lie group $P_{G}$ $E_{\tau}$
holomorphic principal $G$-bundle. $P_{L}-P_{G}$ $P_{G}$ Harder-Narasimhan reduction
Automorphic factors
$R_{G}$ : $\Gamma\cross \mathbb{C}arrow G$ ,
$R_{L}$ : $\Gamma\cross \mathbb{C}arrow L$ ,
$P_{G}=\mathbb{C}\mathrm{x}_{R_{G}}G,$ $P_{L}=\mathbb{C}\mathrm{x}_{R_{L}}L$ $P_{G}\cong P_{L}\mathrm{x}_{L}G$
:
3.3 $g\in G(\mathbb{C}):=$ { $g$ : $\mathbb{C}arrow G$ :holomorphic}
:
$R_{L}(\gamma, z)=g(z+\gamma)R_{G}(\gamma, z)g(z)^{-1}$ $\forall\gamma\in\Gamma$ .
$S:=(L, L),$ $A:=L/S$ $Z\subset L$ $L$ center connected
component $\overline{S}:=L/Z$ semi-simple
$P_{\overline{S}}:=P_{L}\cross_{L}\overline{S}=P_{L}\cross_{L}(L/Z)$
2.1 semi-stable $\overline{S}$-bundle $\overline{S}$ semi-simple Weil
( $E_{\tau}$ indecomposable holomorphic vector bundle $\mathcal{V}$ flat
$\deg(\mathcal{V})=0)$ :
3.4 $\mathrm{a}\mathrm{d}(P_{\mathrm{F}})$ flat holomorphic vector bundle
[Az-Bi] 22 :
3.5 @ flat connection
automorphic factor :
36 $\pi z$ : $Larrow\overline{S}:=L/Z$
$R_{\overline{S}}:\Gamma\cross \mathbb{C}arrow\overline{S}$ ; $(\gamma, z)-\pi_{Z}(R_{L}(\gamma’, z))$
automorphic factor holomorphic map $g:\mathbb{C}arrow\overline{S}$
$R_{\overline{S}}(\prime \mathrm{v}, )=g(z+\gamma)R_{\overline{S}}(\gamma, z)g(z)^{-1}$ $\forall\gamma\in\Gamma$
$z$ automorphic factor $R_{\overline{S}}(\gamma, z)$
constant gauge
$a(\gamma, z):=R_{L}(\gamma\cdot, z)R_{L}(\gamma’, 0)^{-1}$




$a$ : $\Gamma\cross \mathbb{C}arrow Z$
holomorphic map
$R_{L}(\gamma, z)=a(\gamma, z)R_{L}(\gamma, 0)$
:
3.7 Holomorphic map a: $\Gamma\cross \mathbb{C}arrow Z$ : $\gamma,$ $\gamma’\in\Gamma$
1. $a(\gamma^{\gamma}, \gamma’)a(\gamma+\gamma’, z)=a(\gamma, z+\gamma’)a(\gamma’, z)$,
2. $a(\mathrm{O}, z)=a(\gamma, \mathrm{O})=e$,
3. $a(-\gamma,\gamma)=a(\gamma, -\gamma)$ .
:
$\pi_{S}$ :
$\pi_{S}(R_{L}(\gamma, z))=\pi s(a(\gamma, z))\cdot\pi_{S}(R_{L}(\gamma, 0))$
$R_{A}(\gamma, z):=\pi s(R_{L}(\gamma, z))$
$R_{A}$ : $\Gamma\cross \mathbb{C}arrow A\cong(\mathbb{C}^{*})^{s}$
$P_{A}:=P_{L}\mathrm{x}_{L}A$ automorphic factor
$R_{A}(\gamma, z)=(R_{1}(\gamma, z),$ $\cdots,$ $R_{s}(\gamma, z))$
Appell-Humbert $1\leq i\leq s$ $\in \mathbb{Z}$ $\Gamma$
character $\chi_{j}$ $R_{j}(\gamma, z)=\chi_{j}(\gamma)e^{-2\pi\sqrt{-1}k_{j}(nz+\frac{1}{2}n(n-1)\tau)}$
$\gamma=m+n\tau\in\Gamma$ ( gauge
$\overline{a}(\gamma, z)i=\pi s(a(\gamma, z))$ $\overline{R}_{L}(\gamma):=\pi s(R_{L}(\gamma, 0))$
$R_{A}(\gamma, z)=\overline{a}(\gamma, z)\cdot\overline{R}_{L}(\gamma)$













$R(\gamma, z)^{-1}\partial R(\gamma, z)=-2\pi\sqrt{-1}n\cdot\mu(P_{G})$ .
gauge automorphic factor Atiyah-Bott type
4 Floquet
section [E-K] $S^{1}\cross S^{1}$ Floquet $G$
connected simply connected $\mathbb{C}$ simple Lie group $\mathfrak{g}$ $G$ Lie
$E_{\tau}$ $S^{1}\cross S^{1}$ –
$\mathcal{E}(G):=C^{\infty}(S^{1}\mathrm{x}S^{1}, G)$ ,
$\mathcal{E}(\mathfrak{g}):=C^{\infty}(S^{1}\mathrm{x}S^{1},\mathfrak{g})$ ,
$M(G):=\{R\in \mathrm{H}\mathrm{o}1(\Gamma\cross \mathbb{C}, G)|R(\gamma+\gamma’, z)=R(\gamma, z+\gamma’)R(\gamma’, z) \forall\gamma, \gamma’\in\Gamma.\}$,
$S(\mathbb{C}):=\{\Phi\in C^{\infty}(\mathbb{C}, G)|\overline{\partial}(\Phi(z+\gamma)\Phi(z)^{-1})=0 \forall\gamma\in\Gamma.\}$
$\mathbb{C}=\{z=x+\tau y|x, y\in \mathbb{R}\}$ $\mathbb{C}$
$\overline{\partial}=\frac{1}{\tau-\overline{\tau}}(\tau\partial_{x}-\partial_{y})$ , $\partial=-\frac{1}{\tau-\overline{\tau}}(\overline{\tau}\partial_{x}-\partial_{y})$
$S(\mathbb{C})$ $\mathcal{E}(G)$ $G(\mathbb{C}):=\mathrm{H}\mathrm{o}1(\mathbb{C}, G)$
$L$ : $G(\mathbb{C})\cross S(\mathbb{C})arrow S(\mathbb{C})$ ;
$(h, \Phi)$ $\mapsto$ $h.\Phi=:L_{h}\Phi$ ,
$R:\mathcal{E}(G)\mathrm{x}S(\mathbb{C})arrow S(\mathbb{C})$;
$(g, \Phi)$ – $\Phi.g=:R_{\mathit{9}}\Phi$ ,
$\mathcal{E}(\mathfrak{g})arrow S(\mathbb{C})arrow M(G)$
$\Phi^{-1}\overline{\partial}\Phirightarrow\Phi-\Phi(z+\gamma)\Phi(z)^{-1}$
$\mathcal{E}(\mathfrak{g})$ $\mathcal{E}(G)$- $M(G)$ $G(\mathbb{C})$ - :
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41 1. $A\in \mathcal{E}(\mathfrak{g})$ $\Phi^{-1}\overline{\partial}\Phi=A$ $\Phi\in S(\mathbb{C})$







$\backslash$ $\nearrow$ $\lambda$ $\nearrow$
$G(\mathbb{C})\backslash S(\mathbb{C})$ $S(\mathbb{C})/\mathcal{E}(G)$
2
$G(\mathbb{C})\backslash S(\mathbb{C})arrow \mathcal{E}(g)$ , $S(\mathbb{C})/\mathcal{E}(G)arrow M(G)$
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:$\mathcal{E}(\mathfrak{g})\cong S(\mathbb{C})/G(\mathbb{C})6arrow S(\mathbb{C})arrow S(\mathbb{C})/\mathcal{E}(G)\cong M(G)$ . (3)
:
$G(\mathbb{C})\backslash S(\mathbb{C})/\mathcal{E}(G)$ ?
$A\in \mathcal{E}(\mathfrak{g})$ $E_{\tau}$ open covering $\{U_{i}\}$ $\Phi_{i}$ : $U_{i}$ \rightarrow G




$t_{i,j}$ holomorphic $\{t_{i,j}\}$ 1-cocycle condition
$\{t_{i,j}\}$ holomorphic principal $G$-bundle
$\{t_{i,j} : U_{i}\cap U_{j}arrow G : \mathrm{h}\mathrm{o}1.\}$ $C^{\infty}$-map
$\Phi_{i}$ : $U_{i}arrow G$ $t_{i,j}:=\Phi_{i}\Phi_{J}^{-}$, 1 – $A_{i}:=\Phi_{i}^{-1}\overline{\partial}\Phi_{i}$
$U_{i}$ $G$-valued $C^{\infty}$-map $U_{i}$ $U_{J}$,
$A_{i}=\Phi_{i}^{-1}\overline{\partial}\Phi_{i}=(t_{i,j}\Phi_{J}’)^{-1}\overline{\partial}(t_{\iota’,j}\Phi_{j})=\Phi_{j}^{-1}\overline{\partial}\Phi_{j}=A_{j}$
$\{A_{i}\}$ $E_{\tau}$ global $A\in \mathcal{E}(\mathfrak{g})$
$A|_{U_{1}}=A_{i}$ $\Phi_{i}$
$\text{ }\Phi_{i}’$ : $U_{i}rightarrow G$ $C^{\infty}$-map $t_{i,j}=\Phi_{i}’\Phi_{j}^{\prime-1}$ ‘ $C^{\infty}$-map
$g_{i}$ : $U_{i}arrow G$ $g_{i}:=\Phi_{i}^{-1}\Phi_{i}’$ $U_{i}$
$g_{i}=\Phi^{-1;}\dot{.}\Phi’=(|t_{i,j}\Phi_{j})^{-1}(t_{i,j}\Phi_{j}’)=\Phi_{j}^{-1}\Phi_{j}’=g_{j}$
$g\in C^{\infty}(E_{\tau}, G)$ $g|u_{i}=g_{i}$ $\Phi_{i}’=\Phi_{i}g$
$A$ $\Phi\mapsto\Phi g$
$A=\Phi^{-1}\overline{\partial}\Phi\mapsto(\Phi g)^{-1}\overline{\partial}(\Phi g)=g^{-1}\Phi^{-1}(\overline{\partial}\Phi)g+g^{-1}\overline{\partial}g=g^{-1}\overline{\partial}g+\mathrm{A}\mathrm{d}(g^{-1})A$
1.2 $E_{\tau}$ holomorphic principal $G$-bundle moduli
:
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42Ad; $G(\mathbb{C})\cross\Lambda f(G)arrow M(G)$
$\mathrm{A}\mathrm{d}(h(z))R(\gamma, z):=h(z+\gamma)g(z)h(z)^{-1}$
’ Ad: $\mathcal{E}(G)\mathrm{x}\mathcal{E}(\mathfrak{g})arrow \mathcal{E}(\mathfrak{g})$
$\overline{\mathrm{A}\mathrm{d}}(g)(A):=g^{-1}\overline{\partial}g+\mathrm{A}\mathrm{d}(g^{-1})A$
set-theooetic :
$G(\mathbb{C})\backslash S(\mathbb{C})/\mathcal{E}(G)\cong \mathcal{E}(\mathfrak{g})/\mathcal{E}(G)\cong \mathrm{A}\mathrm{d}(G(\mathbb{C}))\backslash M(G)$
$\cong$ { $E_{\tau}-\mathrm{b}\text{ }\mathrm{h}\mathrm{o}1$ . principal $G- \mathrm{b}\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{l}\mathrm{e}$} $/\mathrm{h}\mathrm{o}\mathrm{l}$ . isom..
5 Unstable bundle
$E_{\tau}$ unstable principal $G$-bundle
$G$ connected simply connectd semi-simple Lie
$\mathcal{E}(\mathfrak{g})$ [A-B]
$\mu\in \mathfrak{h}$
$\mathcal{E}(\mathrm{g})_{\mu}:=$ { $A\in \mathcal{E}(\mathfrak{g})|A$ $\mathrm{h}\mathrm{o}1$ . principal G-bundle Atiyah-Bott tyPe $\mu$}
:
5.1 1. $\mathcal{E}(\mathfrak{g})_{\mu}$ $\mathcal{E}(g)$ codim $2\rho(\mu)$ (hchet )
$\rho:=\frac{1}{2}\sum_{\alpha\in\Delta}+\alpha_{\text{ }}\Delta+$
$\mathfrak{g}$ positive roots ‘ $\mathcal{E}(g)_{0}$
open dense
2. $\mathcal{E}(\mathrm{g})_{0}^{s.s}=\{A\in \mathcal{E}(\mathrm{g})_{0}|\exists g\in \mathcal{E}(G)s.t.\overline{\mathrm{A}\mathrm{d}}(g)(A)\in \mathfrak{h}\}$ $\mathcal{E}(\mathrm{g})$ open dense
$\mathcal{E}(G)$ $\mathcal{E}(\mathfrak{g})$ $\mathfrak{h}$
$N_{\mathcal{E}(G)}(\mathfrak{h}):=\{g\in \mathcal{E}(G)|\overline{\mathrm{A}\mathrm{d}}(g)\mathfrak{h}=\mathfrak{h}\}$,




$W_{\mathrm{e}\mathrm{l}1}:=W_{f}\ltimes(Q^{\vee}\oplus\tau Q^{\vee}),$ $W_{f}$ Weyl $Q^{\vee}$ coroot lattice
Well Weyl dS] )
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section4 8 $(G)$ $\mathcal{E}(\mathrm{g})$ $\mathcal{E}(\mathfrak{g})\sim:=\mathcal{E}(\mathrm{g})\cross \mathbb{C}^{*}$
$\xi$ $G$ Maurer-Cartan form $G$ 3-form $\sigma$ :
$\sigma:=\frac{1}{24\pi^{2}}$ ( $\xi$ A $d\xi$).
$ST$ solid torus $\partial ST=E_{\tau}$
$\forall g\in \mathcal{E}(G)$ $\overline{g}\in C^{\infty}(ST, G)$ $\overline{g}|_{E_{\tau}}=g$
$\lambda(g):=\int_{ST}g\sigmaarrow$ (4)
mod $\mathbb{Z}$ $\overline{\mathit{9}}$ $e^{2\pi\sqrt{-1}\lambda(g)}$ $\overline{g}$
([ ] )
$A,$ $B\in \mathcal{E}(\mathrm{g})$
$(A|B):=- \frac{\tau-\overline{\tau}}{4\pi^{2}}\int_{I^{2}}(A, B)dx\wedge dy$ ,
$(A, B)$ pointwise normalized invariant form
$\mathcal{E}(G)$
$\mathcal{E}(g)\sim$ :
$\overline{Ad}$ : $\mathcal{E}(G)\mathrm{x}\overline{\mathcal{E}}(\mathfrak{g})arrow \mathcal{E}(g)\sim$
$(g, (A, u))\mapsto(\overline{\mathrm{A}\mathrm{d}}(g)(A),$ $u\cdot e^{-2\pi\sqrt{-1}\{(A|\partial_{x}g\cdot g^{-1})+\frac{1}{2}(g^{-1}\overline{\theta}g|g^{-1}\partial_{x}g)\}}\mathrm{x}e^{2\pi\sqrt{-1}\lambda(\mathit{9})})$.
(5)
Weyl $\mathfrak{h}\cross \mathbb{C}^{*}$ induce
affine Lie $\chi_{0)}\chi_{1},$ $\cdots\chi_{l}$ . $\mathrm{r}\mathrm{k}\mathfrak{g}=l$ ([S] )
Frechet $\mathcal{E}(\mathfrak{g})$ $\mathcal{E}(\mathfrak{g})$ open dense
$\mathcal{E}(\mathfrak{g})_{0}^{\theta.\mathit{8}}$ $\mathcal{E}(G)$- E(g)o 51(1)
$\mathcal{E}(\mathfrak{g})$ (
) :
5.3 $\mathrm{r}\mathrm{k}\mathfrak{g}=l$ $\mathcal{E}(\mathfrak{g})\sim:=\mathcal{E}(\mathfrak{g})\cross \mathbb{C}^{*}$ \langle $\text{ _{ }}\mathcal{E}(G)- inva\dot{n}ant$
$\chi$ : $\mathcal{E}(9)\simarrow \mathbb{C}^{l+1}$
$\mathcal{E}(\mathrm{g}),$
$\mathcal{E}(\mathrm{g})\sim$
$\mathcal{E}(G)$- centralizer $A\in \mathcal{E}(\mathrm{g})_{\text{ }}u\in \mathbb{C}^{*}$
$Z_{\mathcal{E}(G)}(A):=\{g\in \mathcal{E}(G)|\hat{A}d(g)(A)=(A)\}$




$A\in \mathcal{E}(\mathrm{g})$ $\Phi\in S(\mathbb{C})$ $\Phi^{-1}\overline{\partial}\Phi=A$
$R(\gamma, z)=\Phi(z+\gamma)\Phi(z)^{-1}\in M(G)$ ( Floquet
)
$H^{0}(\mathbb{C}, \mathrm{a}\mathrm{d}(\pi^{*}P_{G}))^{R}:=\{Y\in H^{0}(\mathbb{C}, \mathrm{a}\mathrm{d}(\pi^{*}P_{G}))|\mathrm{A}\mathrm{d}(R(\gamma, z))Y(z)=Y(z+\gamma)\}$ .
$\varphi_{\Phi}$ : $H^{0}(\mathbb{C}, \mathrm{a}\mathrm{d}(\pi^{*}P_{G}))^{R}arrow Z_{\mathcal{E}(\mathfrak{g})}(A)$; $Y-\rangle$ $\mathrm{A}\mathrm{d}(\Phi^{-1})\mathrm{Y}$
Lie $\pi$ : $\mathbb{C}-E_{\tau}$ $\pi^{*}P_{G}$
$\pi$ $E_{\tau}$ holomorphic principal $\mathrm{G}$-bundle $\mathbb{C}$
$\tilde{A}d(g)(A, u)=(A, u)$ 2 :
1. $g\in Z_{\mathcal{E}(G)}(A)$ ,
2. $e^{-2\pi\sqrt{-1}\{(A|\partial_{x}g\cdot g^{-1})+\frac{\iota}{2}(g^{-1}\overline{\partial}g|g^{-1}\partial_{x}g)\}}\cross e^{2\pi\sqrt{-1}\lambda(g)}=1$.
2. infinitesimal






$\alpha(A, X)\in \mathbb{C}$ $f_{A},x(t)=e^{-2\pi\sqrt{-1}\alpha(A,X)t}$
$\alpha(A, X)=-\frac{1}{2\pi\sqrt{-1}}\frac{d}{dt}|_{\mathrm{t}=0}f_{A,X}(t)=(A\cdot|\partial_{x}X)$
( $t$ ) :
5.4 1.
$(A| \partial_{x}X)=\frac{1}{4\pi^{2}}[-\int_{I_{x}\mathrm{x}\{0\}_{y}}(R_{\tau}^{-1}\partial R_{\tau}, h)dx+\tau\int_{\{0\}_{x}\mathrm{x}I_{y}}(R_{1}^{-1}\partial R_{1}, h)dy]$ .
$X=\varphi$ $(h)=\mathrm{A}\mathrm{d}(\Phi^{-1})h,$ $h\in H^{0}(\mathbb{C}, \mathrm{a}\mathrm{d}(\pi^{*}P_{G}))^{R}\text{ }R_{\gamma}(z):=R(\gamma, z)$
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2. $h\in G(\mathbb{C})$ $R^{J}(\gamma, z):=h(z+\gamma)R(\gamma, z)h(z)^{-1}$
$\frac{1}{4\pi^{2}}[-\int_{I_{x}\cross\{0\}_{y}}(R_{\tau}^{-1}\partial R_{\tau}, h)dx+\tau\int_{\{0\}_{x}\mathrm{x}I_{y}}(R_{1}^{-1}\partial R_{1}, h)dy]$
$= \frac{1}{4\pi^{2}}[-\int_{I_{x}\mathrm{x}\{0\}_{y}}(R_{\tau}^{\prime-1}\partial R_{\tau}’, h)dx+\tau\int_{\{0\}_{x}\mathrm{x}I_{y}}(R_{1}^{;-1}\partial R_{1}’, h)dy]$
gaQe
:
5.5 $A\in \mathcal{E}(\mathfrak{g})$ unstable
$(A, 1)\in\chi^{-1}(0)$
$A\in \mathcal{E}(g)$ holomorphic principal $\mathrm{G}- \mathrm{b}\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{l}\mathrm{e}P_{G}$ unstable
H-N reduction $P_{L}$ $L$ $G$ Levi $L$
Lie :
$\mathfrak{l}=5\oplus \mathrm{C}$
5 [ semi-simple subalgebra. $\mathrm{c}$ center $P_{L}$
$ad(P_{L})=(P_{L}\cross_{L}\epsilon)\cross(E_{\tau}\cross \mathrm{c})$
$\mathrm{A}\mathrm{t}\mathrm{i}\mathrm{y}\mathrm{a}\mathrm{h}- \mathrm{B}\mathrm{o}\mathrm{t}\mathrm{t}\mathrm{t}\mathrm{y}\mathrm{p}\mathrm{e}\mu(P_{G})\text{ _{ }}$ c
$\mu(P_{G})\in H^{0}(\mathbb{C}, \pi^{*}ad(P_{L}))^{R}\subseteq H^{0}(\mathbb{C}, \pi^{*}ad(P_{G}))^{R}$
$X;=\varphi_{\Phi}(\mu(P_{G}))\in Z_{\mathcal{E}(9)}(A)_{\text{ }}g_{t}:=e^{tX}\in Z\epsilon(G)(A)$ 5.4
39 (automorphic factor Atiyah-Bott type )
$\chi_{j}(\overline{Ad}(g_{t})(A, 1))$ $(j=0,1, \cdots l)$





$\chi 0\cdot\chi_{1},$ $\cdots,$ $\chi\iota$ ,dj $>0$
$\chi_{j}$ E(G)-
$\chi_{j}(A, 1)=\chi_{j}(\overline{Ad}(g_{1})(A, 1))$ .
$\chi_{j}(A, 1)=e^{-2td_{\mathrm{j}}(\mu(P_{G}),\mu(P_{G}))}\chi((A, 1)\rangle$ .
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$(\mu(P_{G}), \mu(P_{G}))\neq 0$
$\chi_{j}((A, 1))\neq 0$ $(j=0,j=1, \cdots, l)$
Looijenga[L]
[A-F-L]
$E_{\tau}$ semi-stable principal $\mathrm{G}$-bundle coarse module Lie
21 $\mathrm{m}=2$ $A_{1}^{(1,1)}$ $(\tilde{D}_{5}$
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